2021 Spring Advanced Calculus 11 1

Solution to Class Exercise 5

1. Determine the mass and the center of mass of the thin solid region bounded in the first
quadrant bounded by the coordinate axes and the line x + 2y = 1. The density of the solid
is 0(z,y) = x.

Solution. The mass of the region is

// A /1 /(1—:13)/2 dud 1
rdA = rdydr = — .
D o Jo 12
1 p(1-2)/2 1
My:// x2dydx:/ / 22 dyde = — .
D o Jo 24
1 p(1-z)/2 1
Mx—// ydi—/ / zydydr = — .
D o Jo 96

The center of mass of this region is

Next,

Also,

M,, M,) = (1 1) .

(z,9) = 53

7
2. Let Q be the region bounded between the surface z = 9 — 22 — 32 and z = 5. Express

//Qf(a:,y,z)dv

in cylindrical and spherical coordinates.

Solution. These two surfaces intersect at (x,y,5) where (z,y) belongs to the circle
z? + y? = 4. In cylindrical coordinates,

21 2 p9—1r2
// fdvV = / / / f(rcosf,rsinf, z)r dzdrdf .
Q o Jo Js

Any ray of angle ¢ € [0, o], 0o = tan~12/5, hits z = 5 first and then z = 9 — 22 —y%. In
spherical coordinates,

2r ppo rpole)
// fdv = / / / f(psincos @, psin psin b, pcos @) p® sin  dpdedh .
5/ cos ¢

where po(¢) is the positive solution of pcosp = 9 — p?sin? ¢ for each fixed ¢ € [0, ], i.e

— cos ¢ + \/cos? ¢ + 36sin? o
2sin? o

po(p) =

3. The same problem as in (2) where 2 is replaced by H, the region bounded by z = 9 —
22 —y? z=>5and z = 0.

Solution. Need to consider the region over the disk z? + y?> < 4 and over the annulus
4 < 22 + y? < 9 separately. In cylindrical coordinates,

2r 3 p9—r? 2r 2 5
// fav = / / / f(rcos@,rsiné, z)r dzdrd9+/ / / f(rcos@,rsind, z)r dzdrdf .
H o J2 Jo o Jo Jo

In spherical coordinates,

2 pm/2 ppo(e 2m  peo 5/ cosp
// fdv = / / / )P Slﬂ@dpd(pd@—i—/ / / f(,-)p? sing dpdpdd .



